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O ■ The first part of this paper presents actions for Dirichlet p-branes embedded in 

^ \ a fiat 10-dimensional space-time. The fields of the {p + l)-dimensional world- 

^ ■ volume theories are the lOd space-time coordinates X™, a pair of Majorana- 



X 



Weyl spinors 9i and 621 and a U{1) gauge field A^. The N = 2A or 2B super- 
Poincare group in ten dimensions is realized as a global symmetry. In addition 
the theories have local symmetries consisting of general coordinate invariance of 
the world volume, a local fermionic symmetry (called "kappa"), and U{1) gauge 



^ \ invariance. A detailed proof of the kappa symmetry is given that applies to all 

cases = 0, 1, . . . , 9). The second part of the paper presents gauge-fixed versions 
of these theories. The fields of the lOd (p = 9) gauge-fixed theory are a single 
Majorana-Weyl spinor A and the U{1) gauge field A^. This theory, whose action 
turns out to be surprisingly simple, is a supersymmetric extension of lOd Born- 
Infeld theory. It has two global supersymmetries: one represents an unbroken 
symmetry, and the second corresponds to a broken symmetry for which A is the 
Goldstone fermion. The gauge-fixed supersymmetric D-brane theories with p < 9 
can be obtained from the lOd one by dimensional reduction. 
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1 Introduction 



D-branes have become an active area of study during the past year |]T], Many of their 
remarkable properties have been elucidated p, |[, and the coupling of their bosonic degrees 
of freedom to bosonic background fields has been worked out ^ . In particular, they have 
provided a powerful tool for the study of black holes in string theory 0. Very recently an 
interesting proposal for understanding non-perturbative lid (M theory) physics in terms of 
ensembles of D 0-branes has been put forward [§. For these reasons and more it is desirable 
to achieve as thorough an understanding of D-branes as possible. 

It has been known for some time that D-brane world- volume theories contain a U{1) 



gauge field, whose self interactions are described by Born-Infeld theory 0-|Tj]. However, 
only recently has attention turned to the study of supersymmetric Born-Infeld theories 
appropriate to the description of D-branes |T5[-|T8|. In these works the crucial ingredient 
is a local fermionic symmetry of the world volume theory called "kappa symmetry." It 
was first identified by Siegel [0 for the superparticle ||2^, and subsequently applied to 
the superstring Next it was simplified (to eliminate an unnecessary vector index) and 
applied to a super 3-brane in 6d Then came the super 2-brane in eleven dimensions 
followed by all super p-branes (without world- volume gauge fields) [p4| , ^ . 

The main distinction between D-branes and the previously studied super p-branes is that 
the field content of the world-volume theory includes an abelian vector gauge field in 
addition to the superspace coordinates (X™, 9) of the ambient (i-dimensional space-time. In 
the case of super p-branes whose only degrees of freedom are {X"^,6), [p + l)-dimensional 
actions have been formulated that have super-Poincare symmetry in d dimensions realized as 
a global symmetry. In addition they have world- volume general coordinate invariance, which 
ensures that only the transverse components of X"^ are physical, and a local fermionic kappa 
symmetry, which effectively eliminates half of the components of 6. This symmetry reflects 
the fact that the presence of the brane breaks half of the supersymmetry in d dimensions, so 
that half of it is realized linearly and half of it nonlinearly in the world- volume theory. The 
physical fermions of the world-volume theory are the Goldstone fermions associated to the 
broken supersymmetries. 

One example of a kappa-symmetric D-brane action was derived prior to the recent works 
cited above. As noted in |2^, the super 2-brane action in lid can be converted to the 
D 2-brane in lOd by performing a duality transformation in the world volume theory that 
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replaces one of the X coordinates by a world- volume U{1) gauge field. This has been worked 



out in detail by Townsend |^ , and some of his formulas have given us guidance in figuring 
out the generalization to all p. (See also I^Sf-) lesson of that example is that the 

analysis is simplified considerably by not introducing an auxiliary world-volume metric field 
in the formulas. Auxiliary metric fields have been included in most studies of super p-branes, 
though this was not necessary. If one attempted to incorporate them in the D-brane formulas, 
this would create considerable algebraic complications. (For a discussion of this issue see 



ref. [29 



This paper has two primary purposes. The first one - the subject of section 3 - is to 
present formulas for D-brane actions with local kappa symmetry analogous to those of the 



super p-branes. These results, which were reported very succinctly in our first paper [16 



are described here in greater detail. There are a number of non-trivial identities that are 
required to establish kappa symmetry and other features of the theory, which were stated 
without proof in our first paper. In this paper we give very detailed proofs of these identities 
in a series of Appendices. 

Like our first paper, this one only considers D-branes embedded in a flat non-compactified 
lOd space-time. More specifically, we assume a fiat type IIA background when p is even 
and a flat type IIB background when p is odd. References and have gone further 
and included the coupling to arbitrary Type II supergravity backgrounds satisfying the 
supergravity fleld equations. Perhaps because of the restriction to flat backgrounds, our 
proofs of the identities required to establish kappa symmetry appear to be much simpler 
than in those works. 

The second purpose of our paper - the subject of section 4 - is to choose a physical 
gauge in which all remaining flelds represent dynamical degrees of freedom of the world- 
volume theory. Speciflcally, we choose a "static gauge" in which p + 1 of the space-time 
coordinates are identifled with the world- volume coordinates. In such a gauge the remaining 
spatial coordinates can be interpreted as 9—p scalar flelds representing transverse excitations 
of the brane. In fact, they are the Goldstone bosons associated to spontaneously broken 
translational symmetries. The gauge fleld gives p — 1 physical degrees of freedom, so 
altogether there is a total of 8 bosonic modes. (This counting doesn't apply to the p = 
case, which is somewhat special.) The 32 9 coordinates are cut in half by kappa symmetry 
and in half again by the equation of motion, so they give rise to 8 physical fermionic degrees of 
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freedom. The really crucial step is to make the right choice of which half of the 9 coordinates 
to set to zero in the static gauge. If one doesn't make a convenient choice, the formulas can 



become unwieldy. For example, ref. |30[ studied a gauge choice for a super 2-brane in four 
dimensions for which the resulting gauge-fixed theory turned out to be very complicated. 

Fortunately, at least for D-branes in type II theories, there is a gauge choice for the 
6 coordinates that leads to simple tractable formulas. Specifically, we set one of the two 
Majorana-Weyl spinors (^i or 62) equal to zero. Then the fields of the remaining gauge- 
fixed theory are just the gauge field A^, the remaining 6 which we rename A, and the 9 — p 
scalar fields mentioned above. In particular, for p = 9 there is only A and A^, and the 
theory is a supersymmetric extension of lOd Born-Infeld theory, which can also be thought 
of as a self-interacting extension of lOd super-Maxwell theory. The action for this theory is 
surprisingly simple. Since we are proud of the result, we exhibit it here: 



/ rf^Vy^-det (r/^, + F^, - 2XT^dA + XTPd^XXT^dA). 



This theory is invariant under two supersymmetries, which are just the original global su- 
persymmetries we started with, supplemented with compensating gauge transformations re- 
quired to maintain the gauge. The explicit infinitesimal transformations are given in section 
4.2. One of them, whose infinitesimal parameter we call ei, corresponds to the supersym- 
metry that is spontaneously broken by the presence of the brane. It is realized non-linearly 



in the Volkov-Akulov manner These transformations are rather simple, and the asso- 
ciated invariance of the expression given above is easy to verify. The second supersymmetry 
(with parameter 62) is much more complicated. Since the ei symmetry can be realized by 
a large class of formulas, and the €2 symmetry is so subtle, it would have been practically 
impossible to discover this action and its symmetries by "brute force." Starting from a 
gauge-invariant action made it possible. The unbroken supersymmetry corresponds to a 
combined transformation with ei = €2- Section 4.3 demonstrates that all other gauge-fixed 
D-brane actions with p < 9, which are also maximally supersymmetric Born-Infeld theories, 
can be obtained from this action by dimensional reduction. Ones with less supersymmetry 
can then be obtained by making appropriate truncations. 

There have been some previous studies of supersymmetric extensions of Born-Infeld 
theory. For example, the special case of N = 1 in 4d has been described in a superfield 
formalism. This example was worked out first in ref. and elaborated upon recently 



in ref. p3|. The latter work emphasized the fact that the theory has both an unbroken 
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supersymmetry and a non-linearly realized broken one, as required for D-branes. In their 
formalism the unbroken supersymmetry is manifest and the broken one is complicated. The 
fact that the reverse is the case for our formula suggests that it may be rather difficult 
to work out the precise relationship between the two descriptions. The leading corrections 
to lOd (and 6d) super-Maxwell (and super Yang-Mills) theory implied by the Born-Infeld 
structure of the gauge fields were studied in ref. fS^- A field redefinition is required to 



establish the correspondence with the results obtained there. Ref. studied fermionic 



terms in the superstring effective action by comparing to the tree-level S matrix. 

2 Preliminaries 

2.1 Superspace Coordinates 

Our conventions are the following. X™, m = 0, 1, . . . , 9, denotes the lOd space-time coordi- 
nates and r™' are 32 x 32 Dirac matrices appropriate to lOd with 

{r*",!"} = 277™, where r/= (- + + ...+). (2) 



These F's differ by a factor of i from those of ref. For this choice of gamma matrices 
the massive Dirac equation is (F ■ 9 — M)\l' = 0. In fact, our conventions are such that the 
quantity i = ^ —\ will not appear in any equations. As is quite standard, we also introduce 
Fii = FqFi . . . Fg, which satisfies {Fn, F™} = and (Fn)^ = 1. 

The Grassmann coordinates Q are space-time spinors and world-volume scalars. When p 
is even, which is the Type IIA case, Q is Majorana but not Weyl. It can be decomposed as 
9 = 01 + 02, where 

e^ = ^{l + Tu)e, e2 = ^{i-Tn)e. (3) 

These are Majorana-Weyl spinors of opposite chirality. When p is odd, which the Type 
IIB case, there are two Majorana-Weyl spinors 6a {a = 1,2) of the same chirality. The 
index a will not be displayed explicitly. The group that naturally acts on it is SL(2,R), 
whose generators we denote by Pauli matrices ti, ts. (We will mostly avoid using iT2, which 
corresponds to the compact generator.) 

2.2 Global Super-Poincare Symmetry 

World- volume coordinates are denoted a^, fi = 0,1, ... ,p. The world- volume signature is 
also taken to be ( h ■ — h). The world- volume theory is supposed to have global IIA 
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or IIB super-Poincare symmetry. This is achieved by constructing it out of manifestly 
supersymmetric quantities. The superspace supersymmetry transformations are 



5,9 = e, S.X"" = eT'^e. (4) 
Thus it is evident that two supersymmetric quantities are df^6 and 

n;7 = d^x"" - ev^d^e. (5) 

Another useful quantity is the induced world-volume metric 

G^, = VmJ^^TK. (6) 

This is also supersymmetric, of course. 

Many subsequent formulas are written more concisely using differential form notation. 
In doing this one has to be careful about minus signs when Grassmann variables appear. 
The basic rule that we use is that d = da^d^ and da^ is regarded as an odd element of the 
Grassmann algebra. Thus, for example, 

de = da^d^e = -d^eda^". (7) 

There are various possible conventions that would be consistent. Ours, while perhaps not the 
most common, is convenient. Taking 9 to anticommute with da^ allows us to keep track of 
just one (combined) grading instead of two. In this notation, two supersymmetric one-forms 
are dO and H*^ = dX"^ + OV^de. We also have 

dir" = der'^de. (8) 

Wedge products are always implicit in our formulas. 

D-brane theories also contain a world-volume gauge field, and so we require a suitable 
supersymmetric expression in which it appears. This turns out to be 

uu -Fflu bfify (9) 

where F^;^ = d^A^, — dyA^j,. The structure of J^^u is most easily described in terms of the 
2-form = ^J^^yda'^dcr'^ . Then J-" = F — b, and the appropriate choice of b turns out to 
be 

b = -eTnTmde (^dx™ + hr^'doj . (lo) 



In components the formula for b becomes 

b,u = oruTmd.e (^d,x^ - hr^dj^ - (/i ^ u). (ii) 

This is the formula for p even. When p is odd, Fn is replaced by T3. A crucial feature of this 
choice of b is that d^b is an exact differential form. This implies that JF is supersymmetric 
for an appropriate choice of 6eA. 
To be explicit, using eq. (Q) 

s^b = -eVuT^nde (^dx"" + hr^'de^ + ^eruT^mdOer^'de. (12) 

To show that this is an exact differential form, we substitute 9 = 6i + 02, using eq. (|^). This 
gives 

S,b = {eiTmdei - e2T^d92)dX'^ + e^T^dO^hT'^de^ - l^T^dO^hT'^de^. (13) 

The next step is to use the following fundamental identity, which is valid for any three 
Majorana-Weyl spinors Ai, A2, A3 of the same chirality, 

r^AiAsF'^Aa + r„A2A3r"^Ai + r^AaAiF^^As = 0. (14) 

This formula is valid regardless of whether each of the A's is an even element or an odd 
element of the Grassmann algebra. (Note that 6 is odd and dO is even.) It implies, in 
particular, that 

tiV.mdeAv'^dei = -hi^vMOiT'^de^ = -ld(e^vMiT'^de^). (15) 

Thus 5^J^ = if we take 

6,A = eTuT^edx''' + -{eTuTn^eer^'de + er,^eeruT"'de). (le) 
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3 Gauge-Invariant D-Brane Actions 

As in the case of super p-branes, the world- volume theory of a D-brane is given by a sum of 
two terms S = Si + S2. The first term 

Si = -J dP+'asJ-det{G^, + J^^,) (17) 
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is essentially an amalgam of the Born-Infeld and Nambu-Goto formulas. Since it is con- 
structed entirely out of 11'" and T ^ it is manifestly supersymmetric. The second term 

S2 = \ (18) 

where Qp+i is a (p + l)-form, is a Wess-Zumino-type term. It describes the coupling of the 
Ramond-Ramond background field strengths to the D-brane. It is a characteristic feature of 
D-branes, of course, that they carry an RR charge 

To understand the supersymmetry of 5*2, it is useful to characterize it by a formal (p + 2)- 
form 

Ip+2 = dVtp+i, (19) 

which is a very standard thing to do for Wess-Zumino terms. The advantage of this is that 
Ip+2 is typically a much simpler and more symmetrical expression than f2p+i. In particular, 
we will eventually show that it can be constructed entirely from the supersymmetry invariants 
dO, n™', and JF. This implies that the variation ^^fip+i must be exact, and therefore 5*2 is 
invariant. (We are assuming that there is no non-trivial cohomology.) 

The two terms 5*1 and iS'2 are also manifestly invariant under {p + l)-dimensional general 
coordinate transformations. However, the other crucial local symmetry - local kappa sym- 
metry - will be achieved by a subtle conspiracy between them, just as in the case of super 
p-branes. 

3.1 Local Kappa Symmetry 

Under local kappa symmetry the variation 56 will be restricted in a way that will be deter- 
mined in the course of the analysis. However, we require that, whatever 56 is, 

5X'^ = er"'5e = -56r'^6, (20) 

just as for super p-branes. It follows that 

OT™ = -256^^8^,6. (21) 

Equivalently, one can write 

5H™ = 256^^(16. (22) 
Another useful definition is the "induced 7 matrix" 

1, = n-r„. (23) 
7 



Note that {7/x,7y} = 26*^,^. These formulas imply that 



SG^, = -26e{^^d, + ^,d,)e. (24) 
To derive the formula for 5jF, one first uses eqs. ([T0|) and (0) to compute 



5h = -26eTuTmdeU'^ + d[- SeTuTmOU"' + ^6eTiiTm99r''d9 - ^59T"'99TnTmd9) . (25) 
Then, to obtain a relatively simple result for 6 J-', let us require that 

SA = -SSTnT^On" + - lsSr'e0TnT„,e. (26) 

The variation of JF under a kappa transformation is then 

= 269TnTmd9U"', (27) 

or in terms of components 

SJ^,, = 269ru{l,d, - l,d^)9. (28) 

These are the formulas for the Type IIA case {p even). In the Type IIB case {p odd), 
one should make the replacement Fn ra. (Fn must not be anticommuted past another 
F matrix before making this substitution!) The normalization of the two- form h in the 
preceding section was chosen so that the formula for 5J^ obtained in this way would combine 



nicely with the formula for 5G in eq. (E^. 



3.2 Determination of 5*2 

Now let's consider a kappa transformation of .Si using 

5Li = 5 (^-^-det(G' + J^)) = -^v'-det(G + J^)tr[(G' + T)-\5G + 6T)] (29) 
Inserting the variations 5G^u and 5J^^y given in eqs. (|2^ ) and (^Sf ) gives 



(5Li = 2y'-det(G' + :F)5h^{{G - J^V i^Y^Y" . (30) 

For p odd Fn is replaced this time by — ts, since it has been moved past 7^. Now the key 
step is to rewrite this in the form 

<5Li = 2S9Y''%)d,9, (31) 



where 

(7^^'))' = 1. (32) 

It is not at all obvious that this is possible. The proof that it is, and the simultaneous 
determination of 7^^^ and T^^-j, will emerge as we proceed. 
It is useful to define 



p(p) = J-det(G + ^)7(p), (33) 



so that eq. (|32D becomes 

(p(p))2 = _det(G' + J^). (34) 

The requirement 

^-det{G + J^h,{{G - TTnr'r = 7'''%) (35) 
can then be recast in the more convenient form 

p^^h, = Tl',^{G-J'TnU. (36) 

It is also useful to represent 

pip) in terms of an antisymmetric tensor 
n(p) = I ^^l^l2■■■|J■p+l ^ ('37^ 

or, equivalently, by a (p + l)-form 

Pp+i = j^^Pf.^^,...,,^,da^'da>^' . . . da^^+K (38) 
Similarly, the vector Tj-^^ can be represented by an antisymmetric tensor 

rpu _ }_ VxV2...VpVrp /Oq\ 



or, equivalently, by a p-form 



T^ = -,T,,,„„,^da'' ...da"^. (40) 



In order to achieve kappa symmetry, we require that 

5L2 = 250Ti;^dJ, (41) 

so that adding eq. (|3T| ) gives 

SiL^ + L2) = 266(1 + -i^P^)T(^^d,e . (42) 
9 



Since |(1 ± 7'-^'') are projection operators, 50 = k(1 — 7*-^'') gives the desired symmetry. In 
terms of differential forms, the kappa variation of 5*2 is 



SS2 = 2(-l)P+^ j SdTpde = 5 j (43) 
The preceding formula and the definition /p+2 = rff^p+i implies that 

(5/p+2 = 2{-lY+^d{59Tpd9) = 2{-lY+H5deTpde - 69dTpde) . (44) 



This equation is solved by 

/p+2 = {-ly+'deTpde, (45) 

since we will show that 

dOSTpde + 259dTpd9 = 0. (46) 
A corollary of this identity is the closure condition dIp+2 = dOdTpdO = 0. 

3.3 Solution of Eqs. ([3^|) and ( |36|) 

Let us now present the solution of eqs. (|3^ ) and (|36[) first for the case of p even. For this 
purpose we define the matrix-valued one-form 

ijj = j^daf- = n"^r^, (47) 

and introduce the following formal sums of differential forms (the subscript A denotes IIA) 

PA= Pp+i and Ta= Tp. (48) 

p=even p=even 



Then the solution of eqs. (|34D and (|3q) is described by the formulas 

PA = e^SAW and = e^CA(^), (49) 

where 

SaW = Tn^ + l^i^' + |rn^' + ^V^' + • • • (50) 
CaW = Tu + + ^rn^' + + • • • • (^1) 



Thus, 



pi = TniJ, p, = ]^^P^ + J^Tiiij, p5 = -l-Fn^s ^ l^V'' + ^^'ruT/;, etc., (52) 
b izU D z 
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and 



To = rn, T2 = ^V'' + ^rn, T, = ^Tn^^ + ^J'^/j^ + ^J^^T^,, etc. (53) 



Note that the Wess-Zumino term iS'2 is given by I2 = —dOTudO for the D 0-brane. The 



fact that it is nonvanishing, in contrast to the superparticle of ||2^, can be traced to the 
fact that the D 0-brane is massive, whereas the superparticle considered in ||2^ is massless. 
The proofs that these expressions for pA and Ta satisfy eqs. (|3^), (|36D and p6|) are given in 
Appendices A,B, and C, respectively. 

Separating positive chirality (6*1) and negative chirality (6*2) subspaces, pa and Ta can be 
rewritten as 2 x 2 matrices 

PA = e^\ ■ n (54) 



-sin ip 



and 



The solution for p odd is very similar. In this case we define (the subscript B denotes 
IIB) 

Pb= Yl Pp+^ Tp. (56) 

p=odd p=odd 

The solution is given by 



PB = e^CB{ij)n and TB = e^SBWri, (57) 



where 



Thus 



and 



SbW = ^ + l^ni;' + + irs^^ + . . . (58) 

<^s(^) = r3 + ^^^ + ^r3^^ + ^^^ + ... . (59) 

Ti = Tiip, T3 = ^iT2i!^ + TiTip, etc. (61) 
6 



The quantity po = ^^2 may be relevant to the D-instanton, which we are not considering here. 
The proofs that these expressions for ps and Tg satisfy eqs. (^^, ( PB| ) (with Tn replaced by 
— T3) and ( ^6|) are essentially the same as in the IIA case (see Appendices A, B, and C). 
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Displaying the Pauli matrices explicitly, pb and Tb can be rewritten as 2 x 2 matrices 

cosh 
—COS'?/' 



jr ( cosh?/) \ , s 

PB = e-'[ , . . (62) 



and 

T^^.^ ( 

sin t/j 

3.4 A Comment on Conventions 



( sinh?/) \ , s 

^s = e , . . (63) 



Because of certain automorphisms, some arbitrary choices had to be made in the preceding 
formulas. For example, 5*1 is invariant under — JF. The associated freedom was resolved 
by choosing the p's and T's to contain the factor exp(jF) rather than exp(— JF). One also has 
the freedom to replace (p, T) by (— p, — T) for any set of p's. Other arbitrary choices in the 
IIA case stem from the automorphisms of the Dirac algebra — Tm and Tu —^n- 

This freedom was resolved by choosing all of the coefficients in the expansions of Sa and Ca 
to be positive. Similarly, in the IIB case the automorphisms are — > — F^ and the 5*0(2) 
group of automorphisms of SL{2, R) given by rotating ti and T3. This freedom was resolved 
up to a pair of minus signs by choosing to use in eq. (|28|). The remaining signs were 
settled by the choice of coefficients in Sb and Cb- 

3.5 The Algebra of Kappa Transformations 

It is natural to explore the commutator of two kappa symmetries to determine whether all 
the local symmetries have been identified, or whether additional ones are generated. In the 



case of the superstring, it was claimed that a "new" local bosonic symmetry is generated 
Actually, as we will explain in the context of D-branes, this is not the case. 

We have computed the commutator of two kappa transformations for the IIA p-hrane 
theories. The result is that closure of the algebra requires using the equation of motion 

(i + 7(^))r(;)a,^ = o, (64) 

which can be inferred from eq. (0). Then the commutator gives the sum of a general 
coordinate transformation and a local kappa symmetry transformation. 

Let us recall why it is legitimate to drop the equation of motion terms in the symmetry 
algebra.0 To explain the general idea, consider a theory with fields and action S'[$], so 
^We are grateful to R. Kallosh for explaining this to us. 
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that the equations of motion are 4^ = 0. In this transformation of the form 

= ^^i^' (65) 

gives a variation 

6S 6S , . 

which vanishes by symmetry for Sjj = — Sjj. Clearly, such a symmetry can have no significant 
dynamical implications. This is precisely what must always happen for the equation of 
motion terms in a symmetry algebra, since the commutator of two symmetry transformations 
is necessarily a symmetry transformation. This can be verified explicitly for the equation of 
motion term described above. 



4 The Static Gauge 

In theories with gauge symmetries, such as those described here, it is often worthwhile to use 
the local symmetries to make a gauge choice that eliminates unphysical degrees of freedom. 
In general, there are many consistent choices that can be made, but some choices turn out 
to be much more convenient than others. This is certainly the case for super D-branes. If 
we want to obtain tractable formulas, it is essential to make a good choice. 

In the cases p = and p = I, there exist special gauge choices that reduce the equations 
of motion to free field equations. In the case of p = 0, one sets Goo = —1, together with a 
suitable fermionic condition such as r~^9 = 0. In the p = 1 case, one sets Gf^i, proportional 
to the Lorentz metric on the world volume r^^jy, and imposes a fermionic condition like that 
of the p = case. The problem with these gauge choices is that they do not have a natural 
generalization to p > 1 that preserves world- volume Lorentz invariance.0 Therefore, in order 
to have a prescription that applies to all D-branes at once, we will consider a "static gauge" 
choice instead. In this gauge the world-volume general coordinate invariance is used to 
equate p+1 of the target-space coordinates with the world- volume coordinates {X^ = (t'^).Q 
The real challenge is to find a fermionic gauge condition to supplement this in the case of 
super D-branes. The price one pays for the universality of the prescription is that it is not 
apparent that the p = and p = 1 cases are actually free theories. 
•^For a discussion of super p-branes in the light-cone gauge see refs. 

*This is only possible when there are no global topological obstructions to this identification. 
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4.1 The Bosonic D-Brane 

To illustrate the issues we wish to address in connection with gauge fixing, it is helpful to 
consider first the simpler problem of a "bosonic D-brane." By this we simply mean the 
theory obtained by dropping the 9 coordinates from the supersymmetric D-brane actions. 
Thus 

SB^-j V-det(G'^, + F^,)d^'+V, (67) 

where 

= r^mnd^X^d^X^. (68) 
The equation of motion obtained by varying X'^ is 

[yj- det(G' + F) {(G + F)-^ + (G - F)"^}"" d,X^^ =0. (69) 

Similarly, the Ay equation of motion is 

d, det(G + F)[{G + F)-' -{G- F)-^}''^) = 0. (70) 

The general coordinate invariance of 5'^ allows us to choose a static gauge in which the 
first p+1 components of X^ are equated to the world- volume coordinates cr^. The remaining 

components of X™ will be denoted cp'. In this gauge Gj^y becomes 

G^,y^V^y + d^<l>%4>\ (71) 

The first p -|- 1 of the X equations become 

(V-det(G + F){(G + F)-' + {G - F)-^}^') = 0, (72) 

and the remaining equations become (as a result) 

{{G + F)-'r''d^dy(l)'^0. (73) 

Now consider the action obtained by substituting the gauge conditions directly into Sb- This 
produces 

S'b^-J \J- d^tiv^u + d,<pidy(t>i + F^y)dF+^a. (74) 

Varying the 0* and variables in this action certainly gives the correct gauge-fixed form 
of their field equations. The more subtle question is whether the additional p-\-l equations 
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in eq. (|7^), which are associated to degrees of freedom that do not appear in S'^, need to be 
imposed as additional constraints or whether they are automatically satisfied. 

To decide on the status of eq. (|72|), it is helpful to observe that it has the form d^Q^^ = 0, 
where Q^'^ is the energy- momentum tensor one would form by replacing 77^^, by g^u in S'^, 
varying with respect to g^^, and then setting it equal to r]^^,^. It is related to the energy- 
momentum tensor T^'^ that one would form as the Noether current for the world-volume 
translational symmetries by an equation of the form Q^^" = T^^ + dxL^'^^, where Y,^^^^ = 
This is conserved, of course, as a consequence of the equations of motion of <p^ and 
Afj_. Thus S'q encodes all of the dynamics, and no supplementary constraints are required. 

Among the symmetries of the gauge-invariant action Sb were the global translations 
symmetries 5X"^ = d^. Decomposing these into translations tangent to the brane and a* 
orthogonal to the brane, we have 

SXf" = a'^ + C^dpXf" = a^' + e = (75) 

and 

5(j)' = a' + i^dpcj)' = d - aPdp(j)\ (76) 

In these equations we have added a compensating general coordinate transformation, with 
parameter = —a^, in order to preserve the = gauge. One can also deduce the 
induced transformation of the gauge field A^. Up to a gauge transformation, it is 

5A^ = -a^Fp,. (77) 

The symmetry 50* = a* is a trivial, but significant, symmetry of the theory. It is the 
translational symmetry orthogonal to the brane, which is broken as a consequence of the 
presence of the brane. The inhomogeneity of 50* = a* is the signal that we are dealing with a 
spontaneously broken symmetry, and that the 0* are the associated Goldstone bosons. The 
unbroken translation symmetries tangent to the brane have parameters a'^. This symmetry 
is just the obvious translation symmetry of the gauge fixed world- volume theory. 

4.2 Super D-Branes in Static Gauge 

In the case of super D-branes we will again use the static gauge choice X^^ = o"^, described 
in the preceding subsection, and denote the 9 — p remaining X coordinates by 0*. The 
crucial question is how to use the kappa symmetry to eliminate half of the components of 
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the 9 coordinates. We have discovered a natural choice that leads to surprisingly simple and 
tractable formulas: we set one of the two Majorana-Weyl spinors that comprise 6 equal to 
zero. Specifically, in the IIA case we set 62 = 0. The surviving Majorana-Weyl spinor, 61, is 
then renamed A. We could do the same thing for the IIB case. However, for the conventions 
that have been introduced in the preceding sections, it is more convenient to set = and 
6'2 = A in the IIB case. This will result in formulas that take the same form in both cases. 

After gauge fixing, A becomes a world-volume spinor, even though the ^'s were originally 
world-volume scalars, as a consequence of the identification of with cr^. When p < 5, 
the gauge-fixed world-volume theory has extended supersymmetry. In this case the 32- 
component Majorana-Weyl spinor A actually represents a set of minimal spinors. However, 
we find it convenient to leave it alone rather than to decompose it into pieces. 

To see how our proposed gauge choice works, let us consider the global supersymmetry 
transformations with parameter e, which we now decompose into two parts called ei and €2. 
In the IIA case ei and 62 have opposite chirality, while in the IIB case they have the same 
chirality. Nonetheless, all the formulas that follow are valid for both cases (unless otherwise 
indicated). Since supersymmetry transformations move the variables out of the gauge, it is 
necessary to add compensating general coordinate and kappa transformations that restore 
the gauge^ 

sx"" = er"'9-R{i--f'^p'>)r"'e + ^''d^x"'. (78) 



From the structure of pa and pb displayed in eqs. (0) and (|B^, one sees that the matrix 
7^^^ is off-diagonal in both the IIA and IIB cases. Thus we write it in the block form 

The equation [7*-^'']^ = 1 then becomes 

^(P)^(P) _ ^(P)^(P) _ (^gQ^ 

There is no reason that the square of (^^^ should be anything simple. In this notation, the 
requirements 662 = and 6X'^ = in the IIA case become 

= 62 + R2 - f^lC^"^ 



^Exactly the same sort of reasoning can be used to argue that the gauge choice is consistent in the first 
place. 
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= eiT^X-{Ri-R2C^P^)T^X + ^^. 



(81) 



The above equations are solved by 

-^1 - -^2&^ = hC^"^ (82) 

= (^^^(^ip) _ ^^)r^x. (83) 

For these choices the total supersymmetry transformations of the fields that remain in the 
gauge-fixed theory are 

AA = + eaC^f) + ea^A 

= (ei-e2C^^))rA + ea^0^ 
AA, = (e2C(^)-ei)(r^ + r,a^0*)A 

+ (^ei - U^''^)T„XXT^d,X + edpA, + d,eA,. (84) 

Note that the index m is a lOd index, which includes both fi and i values. The parameter 
in these equations is understood to take the value given in eq. (^3|). 
In the IIB case, one finds exactly the same set of gauge-fixed supersymmetry transfor- 
mations except that the labels 1 and 2 on e and k are interchanged. Since there is no 
fundamental distinction between them, anyway, we simply interchange these labels in the 
IIB case, so that the formulas then look identical to those of the IIA case. Thus (|^) de- 
scribes the symmetry transformations of our gauge-fixed theory for all values of p from to 
9. 

Now let's look at the actions that result from imposing the gauge choices on the gauge- 
invariant D-brane actions. Recall that the Wess-Zumino term S2 is characterized by the 
{p + 2)-form Jp+2 = ^dOTpdO. The crucial fact is that Tp connects 9i and 62 in both the IIA 
and IIB cases, so that /p+2 oc d92{- ■ .)d9i, which vanishes for 6*1 = or ^2 = 0. Therefore, 
only Si contributes to the gauge fixed action. The result is 

S^P^ = - I d^+V^-det M(P), (85) 

where M^pJ = Gjfj + ^(p), and 

G^^a = Vf.u + d,(P'd,(P' - x{r, + r,d,cp')dA - A(r, + rAf)d,x + Ar™a^AAr„<9,A, (86) 
^ifJ = F,u - A(r^ + Tid,(i)')dA + A(r, + r,d,(P')dpX. (87) 
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Thus 

M^^J = V,. + F^u + d^(t>'d,ct>' - 2A(r^ + T,d,ct>')dA + Ar^a^AAr^a.A. (88) 

If we have made no errors, the action S''-^-' in eq. (|85D should be invariant under the ei 
and £2 transformations given in (|8^). However, as a check of both our reasoning and our 
mathematics, it is a good idea to check this exphcitly. In Appendix D we show in detail that 
the variation of the integrand of S*^^^ is a total derivative, as required. Thus we are confident 
that the action and the symmetry transformations are correct. 

The action 5"^^^ which describes a p-brane in a flat space-time background, is (maximally) 
super symmetric Born-Infeld theory. In particular, for the case p = 9, we obtain supersym- 
metric Born-Infeld theory in lOd. In this case there are no transverse coordinates cjf and the 
target space index m can be replaced by a Greek world-volume index. The resulting formula 
is given by 

= Vf.u + - 2Ar^a,A + Ar^a^AAr^a.A. (89) 

The supersymmetries of S'^'^^ are given by 

AA = ei + esC^'^ + ^'^^^A (90) 
/\A, = (eaC^') - ei)r^A + (^ei - U^''^)V ^XXTPd^X + ^dpA^ + d.^A^, (91) 

where 

= (e2((9) - ei)T^X. (92) 

The transformation with parameter ei describes the supersymmetries of Volkov-Akulov 
type, which are broken by the presence of the D-brane. The inhomogeneity of the ei trans- 
formation of A shows that it is the associated Goldstone fermion. The unbroken super- 
symmetries should give no inhomogeneous terms, so they must be given by a combined 
transformation with ei = e2. 

The "missing" equations, analogous to those in eq. ([72D, arise in the IIA case from the 
gauge-fixed form of the 62 equation of motion. All terms in 5*1 involve even powers of 6*2, so 
their 62 variations vanish for 62 = 0. However, as we have said, the Wess-Zumino term is 
characterized by /p+2 ~ d62{Tp)^^d6i. Thus, it contains terms linear in 62- Indeed, using eq. 
(^), the 62 equation of motion, evaluated at ^?2 = becomes 

(e^coshV')„rfA = 0, (93) 
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where it is understood that the p-form (e'^cosh^)^ is evaluated for 62 = and = a^. We 
know that /p+2 is exact, a property that must hold order- by-order in ^2- Using this fact for 
the linear term, one infers that {e^ cosh. ■il))^d\ is exact. Thus we can write 

{e^ cosh%l)) = dJp. (94) 

Then the 62 equation of motion dJp = is interpreted as conservation of the supercurrent 
Jp. Note that we have represented the supercurrent J^^-j by a jo-form Jp. They are related in 
the same way that T^^-j and Tp are in sect. 3.2. In this notation, the conserved supercharge 
is 

g(^) = / J„ (95) 

where Sp is a spatial slice of the (p+l)-dimensional world- volume. The conservation equation 
dJp = is a consequence of the equations of motion of S^'p\ just as we saw for energy- 
momentum tensor in the bosonic theory. The analysis works the same way in the IIB case 
except that the equation of motion is 



(e sinh^)p(iA = dJp = 0. 
The two cases can be described together by the single equation 

(e^+^)p(iA = dJp = 0. 



(96) 
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4.3 Dimensional Reduction 

The set of gauge-fixed D-brane actions S^^^ given in eq. (^Sf ) are related to one another by 
straightforward dimensional reduction. In particular, this means that starting with S^^^ and 
dropping the dependence on 9 — p of the world- volume coordinates gives the action S^^\ 
With our conventions one must identify the 9 — p scalar components of A as Ai = —0*. (For 
other conventions this equation could have a plus sign.) 

To demonstrate the claim given above, let us consider the dimensional reduction from 
S^^^ to S^'^~^\ so that the general case is implied by induction. Setting all a'^ derivatives to 



zero and A^ 



tf, we can write M*^p) in block form as 











-2A(r^ + Tid^(l)')dA 






+Ar-9^AAr^a,A 














1 



(9^ 
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It is understood here that (i = {fi,p) and the last row and column correspond to fi = p and 
u = p, respectively. Also, the index i is summed from jo + 1 to 9. All that matters in the 
action is the determinant of —M^p\ so we may add multiples of the last row to the other 
rows. Doing this with a factor of so as to create zeros in the upper right corner, one 

obtains precisely the desired matrix M^~^^ in the upper left block. The sum on i now goes 
from p to 9. This proves the compatibility of the formulas under dimensional reduction. 

The supersymmetry transformation formulas have the same compatibility under dimen- 
sional reduction. However, this is a little more work to prove, because one needs to know a 
formula for the dimensional reduction of C-^-*. In Appendix E we prove that upon dimensional 
reduction from p to p — 1 (as above) 

^(p) ^ (-l)frpC(P-i). (99) 
This implies that the supersymmetry transformation formulas in (Q) retain their form upon 



dimensional reduction for the identifications ef"^ = ef ^'^ and ef"* = (~1)^^2^ ^^'^p- The 
unbroken supersymmetry after dimensional reduction is given by a combined transformation 
with eS^^ = ilp+i . . . T^e^i\ (Some care is required to determine the sign in each case.) 

4.4 The Supersymmetry Algebra 

It is interesting to examine the commutator of two supersymmetry transformations A and A'. 
Since lower dimensions can be reached by dimensional reduction, it is sufficient to consider 
the lOd case, for which A is given in eqs. (0) - (p2D. (The notation is that A involves 



parameters ei and e2, and A' involves parameters e'^ and e^-) 

There are two ways by which the algebra can be computed. One is to simply do it directly 
using eqs. ( pO|) - (|9^). This calculation requires knowing AC^^\ which is rather complicated. 



The second method is to use our knowledge of the relationship of A to transformations of 
the gauge-invariant theory. Let us discuss this approach first. 

The A transformation consists of the global supersymmetry transformation 5^ plus com- 
pensating general coordinate and kappa transformations required to maintain the gauge, as 
described in sect. 4.2. To infer the commutator of two A transformations, let us first con- 
sider the commutator of two 5^ transformations in the lOd {p = 9) gauge-invariant theory. 



Using eqs. (^ and (|T^) one obtains 

[5„5,']e = (100) 
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[6„5,,]X''^-{a^,+a^) (101) 

[6,, S,,]A^ = (a2p - aip)d^XP + d^A, (102) 

where 

< = 2eirVi and = 2e2rV2 (103) 

and 

A = e[T^9,e2r^92 - e,r^e,e'^r^e2. (104) 

Now we claim that the commutator [A, A'] in the gauge-fixed theory can be inferred by 
taking the [6^, S'2 results given above, adding a compensating general coordinate transforma- 
tion with parameter C,'^ = ai + af^, so that docs not transform in the static gauge, and 
restricting to the static gauge. This procedure gives the results (recalling our conventions 
about ei ^ €2, 6*2 = A in gauge- fixing JIB theories) 

[A,A']X={at + ai^)d^X (105) 

[A, A']A^ = ai^ - a2^ + (a? + a^)^^^^. (106) 

Thus, we obtain the expected translations together with a constant shift of the gauge field. 
This shift can be regarded as an irrelevant gauge transformation. This is true, but on 
dimensional reduction, it gives rise to shifts of the scalar fields — shifts that correspond to 
the broken translational symmetries. Such a shift should not occur in the commutator of 
two unbroken supersymmetries. In fact, — vanishes for ei = 62 and €[ — €3, which 
are the conditions that we showed earlier describe the unbroken supersymmetries. 

The argument we have used to obtain the preceding results depended on the equivalence 
of adding compensating gauge transformations before commuting e transformations with 
adding them afterwards. This procedure must be ambiguous at least by the type of terms 
that we have not kept track of in the closure of the kappa symmetry algebra (see sect. 
3.5). This includes terms that vanish on shell, as well as U{1) gauge transformations. We 
certainly know that the closure of the algebra of unbroken supersymmetries must require 
an equation of motion, since A and do not constitute a complete off-shell multiplet. 
With these provisos, we are quite sure that the procedure used to obtain the commutators 
given above is correct. However, since it is rather subtle, we have also carried out some 
checks of the algebra [A, A'] directly. The commutator of two ei transformations is quite 
straightforward and gives the result stated above without any equation of motion or extra 
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f/(l) gauge transformation. The commutator of an ei and an €2 transformation requires the 
identity 



Using this, it is straightforward to verify that [A(ei), A(e2)] = 0, up to a U{1) gauge trans- 
formation, as required. The gauge transformation that appears does not contribute to the 
transformation of scalar fields after dimensional reduction. So the interpretation of the con- 



is [A(e2), A(e2)], which requires knowing A(e2)C*'^''- This is quite complicated, and we have 
not checked it. 

5 Conclusion 

We have presented actions for all type 11 D-branes {p = 0, 1, . . . , 9) with local kappa sym- 
metry in a flat background. We then flxed a physical gauge by identifying p + 1 of the 
space-time coordinates with the world-volume coordinates {X'^ = a^) and setting one of the 
two Majorana-Weyl spinors (^1 or ^2) equal to zero. This resulted in surprisingly simple 
expressions for the gauge-flxed actions. All of the ones with p < 9 can be deduced by di- 
mensional reduction from the p = 9 {d = 10) action given in eq. (1). This action thus serves 
as a master formula for all D-branes. It is also interesting as a supersymmetric extension of 
d = 10 Born-lnfeld theory. 

The results presented here should have a number of applications and generalizations. 
Some of the ones that come to mind are the following: 1) studies of p-brane dualities in 
compactified space-times; 2) formulation of non-Abelian generalizations appropriate to the 
description of systems of multiple parallel or intersecting D-branes; 3) studies of solitons 
that live within the D-brane world-volumes; 4) formulation of an action for the M-theory 
five-brane; 5) applications to the study of black holes. 

We wish to acknowledge discussions with S. Cherkis, J. Hoppe, R. Kallosh, D. Lowe, B. 
Nilsson, and M. Perry. 
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remains as explained above. The most difficult case 
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Appendix A: The Proof of Equation 

We wish to prove that the expressions we have found for p^'P^ satisfy 

= _det(G' + ^). 

The proof is somewhat simpler for the special case G^i, = 77^,^, where 77 is the flat Minkowski 
metric with signature ( — !-■■■+) in p + 1 dimensions. General covariance considerations 
imply that if the formula is true in this case, then it is true in general. This can be proved, 
for example, by introducing a vielbein to relate base space and tangent space coordinates. 
In the tangent space coordinates {7^^,71^} = 277^^,. 

The IIA Case: p = 2k, A; = 0, . . . , 4 

We have defined a (p + l)-form 

and represented p(p) as: 

For p = 2A; it follows from eqs. that 



k rn „i,2(k—n)+l 

"^-^S/" TJ (2(.-„) + i)r 

The expression can be most easily examined by choosing a canonical basis for JF. The point 
is that both sides of the the equation we are attempting to prove are Lorentz invariant, and 
a. {p + l)-dimensional Lorentz transformation can bring to the special form 

k 

= Y,^ida^'~^ Ada^\ (111) 
1=1 

Since p is even, there is necessarily a row and a column of zeroes, which we have chosen to 
associate with the time direction, thereby making purely magnetic. The argument works 

[21 

the same if there are electric components. In this basis, defining 7] = 724-1721, 

p'''' = t E rr""%.---A.„707!l---0if, (112) 

n=0 ii<...<in 
in+l<---<ik 

where {ii, . . . , z^) is a permutation of the numbers (1, . . . , /c). This can be rewritten in the 
much more transparent form 

k 

p('') = rn7on(A. + rn7f). (113) 

i=l 
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As all the commute with one another and with Fn, whereas 70 and Fn anticommute: 

{P^^'^r = n(A.-rn7f)(A. + rn7P) 
1=1 

k 

= 11(1 + A^). (114) 



i=l 

Therefore, 

(p(2'=))2=_det(G + ^), (115) 

in this basis. This completes the proof for p even. 

The IIB Case: p = 2k + 1, k = 0, . . . ,4 

The proof for p odd is almost identical, and can be made very brief. One difference 
is that has an even number of row and columns, so the canonical form has no rows or 
columns of zeroes. Thus, in canonical basis, J-' contains both electric (Aq) and magnetic (Aj, 
i = 1, . . . , k) components 

k 

= J2^ida^' Ada^'+\ (116) 

[2] 



This time it is convenient to define 7^^ = 72i72i+i- Then, using eqs. ( |5B| - pUD , one can show 
that the counterpart of eq. ( [L13| ) is 

P^''^'^=rsnf[{A,-r,j?). (117) 

The square of this also gives the desired determinant. 

Appendix B: The Proof of Equation ( [36l ) 

We wish to prove the IIA identity 

p^^h, = Tl'^){G-J'TnU. (118) 
The proof is the quickest in the differential form representation. By definitions (P^-BBI) and 



(lifg), eq. i Uaj ] is equivalent to: 

Pp+i7/, = Tpda^^G - JFFii),,^. (119) 
This allows us to combine the formulas for all even p's. Using 

PA = E Pp+i = e^SAi^P) and T4 = ^ = e^CA^, (120) 

peven peven 
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we get 

Pa7m = TAda^G - J'V^^),^. (121) 
The key to the proof is the relation^ 

^7. = -r^,da^G,, + t-^^eSr^')^ (122) 
n! (n — 1)! (n + 1)! 

where denotes the interior product operator induced by = This is a consequence 
of the definition of ix-, 

1 

= -E(-l)'"'^''^^m-M.-/^n^^^''^ • ..da^^-^da^'+^ . ..da^-, (123) 
for an n-form u and a vector field X. Using eq. ( |122| ), it follows directly that 

Pa7m = TAda-'G,^ - e-^^4C^(^))rii. (124) 



It must be kept in mind that eq. ( |124| ) is a set of equations relating differential forms of 
order p + 1, the dimension of the world volume. As e'^C^('0) is a p + 2 form, and therefore 
vanishes, we have 

e%(CA(V))rii = -te,{e^)GAWTn = -TAda'J^^.Tii. (125) 



This gives the second term on the rhs of eq. (|121|) and completes the proof for the IIA case. 



The proof for IIB is similar, except that anticommutes with Sb{iP) which introduces 
an extra minus sign in the second term. This is precisely what is needed, because the IIB 
version of eq. (|118|) is 



p'^^h, = TUG + J'T,),,. (126) 



Appendix C: The Proof of Equation 

We wish to prove the identity 

deSTpde + 26edTpd9 = 0. (127) 
We start with the IIA case. Summing over all even values of p gives 

desTAde + 2sedTAde = o, (128) 



^This is equivalent to 7^1. ..^„ 7^ = '^7[/ii...Pr.-i Cm^-Jm + 7mi... 
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where Ta is given in eqs. P8| - |5T| ). We evaluate this using 

6Ta = S[e^CAm = e^{5rCA + 6Ca), (129) 
5Ca = T^^[5^Sa] = 25eT^deT^^[T^SAl (130) 

and 

5J^ = 269TiiTm,deU"'\ (131) 

where the brackets denote antisymmetrisation of all enclosed F matrices. Dropping an overall 
factor of 2e'^ and collecting the coefficient of 2A; + 1 II's, we can write the contribution to 
dOdTAdO as 

—59T iiT [^^d6d9T\^^T jn2k+{\dO + _^ ^^^ 59T'^d9d9T\j^rnmi...m2k+id9- (132) 

The contribution from 269dTAd9 has precisely the same form, except that the 5's appear 
in the second factor of each term. Both of the terms in (113 21) have the structure 69Xd9d9Yd9, 



which involves Xa(i3Y^s)- However, when d9Xd969Yd9 is added, the totally symmetric com- 
bination X(a^Ky5) is formed. This implies that it is sufficient to prove the vanishing of the 
sum of the two terms above with 69 replaced by d9 

{2k + l)d9TnT[^,d9d9Tlt'T^,,„^^^^^] d9 + d9T'^d9d9T^JI'mrni...m2k+i 

d9, (133) 

since this enforces total symmetrization. This is an identity we need anyway, to prove closure 
of the Wess-Zumino forms Ip+2- 

The next step is to transform the second term in ( [133| ) using the formula 

^m^mi...m2k+i ~ mmi...m2k+i ~^ (2^ + '^)Vm[mi'^m2...m2k+i]- (134) 

The two terms on the RHS of this formula have opposite symmetry in spinor indices, so only 
one of them survives when sandwiched in between d9^s. In the present (HA) case, it is the first 
one that survives, which means that we can pull out a factor Tm from the antisymmetrized 
product for free. Next, eq. (|l^ for Majorana-Weyl spinors in 10 dimensions implies that 

d9T'^d9d9TiiTmTmi...m2k+i^ii^d,9 = —d9TuT"^d9d9TmTrni...m2k+i^ii^d9. (135) 



We now use eq. (|134| ) a second time. This time only the second term on the RHS survives, 
because we have removed a Fn, which reverses the symmetry. This leaves the negative of 
the first term in eq. ( |133| ), and thus the proof is complete. 
The HB proof is essentially the same. 
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Appendix D: Verification of the Supersymmetry 

We wish to verify invariance of the action 

S^P^ = - y ^-det M(P) dP+^a, (136) 

where 

MjfJ = Vf.u + F^, + d^(l>%<l)' - 2A(r^ + T,d^<f>')d,X + Xr^d^XXTr^dA, (137) 

under the global supersymmetry transformations. These transformations are given by A 
variations, where A — A' + S^, 

A'X = ei + esC^^^ 
Ay = (ei-e2&^)rX 

A' A, = (e2C(^)-e,)(r^ + r,a^</,^)A+Qei-e2C^^))r^AAr™a^A (138) 

and 5^ represents a general coordinate transformation with parameter 

= (e2((f) - ei)r^'X. (139) 

The matrix Mj^ does not transform under 5^ as a tensor, because 7]^,^ is not a tensor 
and is not a vector. However, it is easy to compensate for this, obtaining 

hMjfJ = ed.MjfJ + d,im^^ + d^im^p^ - d,i, - d,i, + 2a^eAr,a,A. (i4o) 

The first three terms gives a variation of V— det M(p) equal to 5^(^^V— det M(?')), as usual 
for a scalar density in relativity. Thus it remains to consider the effective transformation of 

A'M(^J - d^i, - d^i^ + 2d^i'>XT,d,X. (141) 
A somewhat lengthy, but straightforward, calculation shows that this equals 

-^e^C^^h^^- (142) 

The consequences of this term now need to be analyzed. 
The contribution of the term given above to A^^^) IS 

4 y V^^d^tM(^{(M(P))-^}'^^e2C^^^7M5^AdP+^ a. (143) 
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To simplify this we specialize the covariant identity in eq. ( pSj ) to the static gauge under 
consideration. Doing this gives 

V'-detM(p){(M(P))-i}'^'^7^ = C^%^, (144) 

where f^^-^ denotes the (11) block of T^^-, in the IIA case and the (12) block of T^^^ in the 
JIB case. Using eqs. (|55|) and (|63D , one sees that t^^-) is determined by the p-form part of 
exp (JF + i/j) in the same way that Tp determines T^^y 
Using the relation (^^p^QP^ = 1^ we are left with 

4 / e2t(;)5.Ad^+V. (145) 

However, as explained in sect. (4.2), 

ti)dA = d,j;;py (146) 

where J^^^ is the supercurrent. Therefore, altogether, 

AS^P^ = J d^{- e^\/-detM(p) + 2e2 Jfp))dP+V, (147) 

which is the integral of a total derivative and vanishes for suitable asymptotic boundary 
conditions. 

In retrospect, the result derived here should have been obvious in the first place. The 
supersymmetry variations of the gauge-fixed theory correspond to a combination of super- 
symmetry variations and compensating gauge transformations in the gauge-invariant theory. 
The term 5*1 of the gauge-invariant action is invariant under the global supersymmetry trans- 
formations, and the result that we have found just corresponds to the contributions of the 
compensating gauge transformations, evaluated in the static gauge. 

Appendix E: Dimensional Reduction of C^^^ 

As indicated in eq. (^, C^^^ is the (12) block of j^p\ Moreover ^^p^ is related to p^P'> by 
^(p) = (^—det M^P^)'^^"^ p^P\ We showed in sect. (4.3) that, dropping the dependence on one 
coordinate (a^, say), M^p^ reduces to M^p~^\ Therefore, we need to study the dimensional 
reduction of the (12) block of p^P\ However, p(p) is conveniently described by a (p+ l)-form. 
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as explained in sect. (3.2), and these are conveniently summed to give pA and ps- Their 
(12) blocks, given in eqs. (|^) and (|62D, can be combined to give 

p = e^+^. (148) 

The {p + l)-form part of this, evaluated in the static gauge, determines (^^^ for all p. 

Now we evaluate JF^p) = F^^^ — b^^^ and -0^^^ in the static gauge. With the conventions 
described in the text, one obtains in both the IIA and IIB cases 

b^P^ = XTpdXda" + \Tid\d(j)' 

ij^P^ = Tpda" + r,d(ff + rmXT'^dX, (149) 

where p runs from to p, i runs from p + 1 to 9, and m runs from to 9. Upon dimensional 
reduction, dropping derivatives, 

jr(p) _ J^(P-^) + XrpdXd(jf - {dcff + XrpdX)daP 

^(p) _ ^(P-'^ -TpdcpP + TpdaP. (150) 

The next step is to see what these imply for exp and exp^*^^-*. Since the extra terms in 
the reduction of JF^^) square to zero, 

e^'"' ^ (1 + XTpdXd(j)P - {d(tf + XTpdX)d(yP)e^^'~''' . (151) 

The extra terms in tfj^P^ also square to zero, but care is required since they do not commute 
with Tp^P^^\ The general formula that applies to such a case is that the part of exp(X + Y) 
that is linear in Y is given by {Y + Y] + \ [X, [X, Y\\ + . . .)e^ . Using this, we find that 

e^f") ^ (1 + (PP + d(jf + XrPdX)daP - {TP + XrPdX)d(ff)e^^^''^ . (152) 

We now require the part of the dimensional reduction of exp{J-'^P^ +^^p'') that is propor- 
tional to da'P. Several terms cancel and we obtain 

This result implies that 

^(f) _ {-i)prpC(p-'\ (154) 

as asserted in the text. 
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